CHAPTER 5

The Differential Forms
of the
Fundamental Laws

51 0= oj]—td\/ + UdeA Using Gauss’ theorem:
0= dv + QRCVHY = O 4 Rixr V)de
C.v. ﬂt C.v. C.v. Sﬂt

Since this is true for all arbitrary control volumes (i.e., for all limits of
integration), the integrand must be zero:
I Rxrv)=o0
it
This can be Written in rectangular coordinates as
=T ewy+ v+ Lw).

it 9x Ty 1z
This is EqQ. 5.2.2. The other forms of the continuity equation follow.

5.2 m,, - M, = M temen .
it
rv,(rdodz) - %Vr +ﬂ_ﬂr(rVr)drE(r +dr)dodz

+rv drdz - %vq +ﬂ—1L(rvq)dql€firdz

6iadr - Gv +- 1 e | drgy g = N6, dro u
+rv2§+ > bdqdr g’Vz + = (rvz)dz§+ 5 qudr e g§+ 5 gdqdrdzH

Subtract terms and divide by rdgdrdz:

rv, 1 Vr)r+dr_ 1(rvq)i- 1(rvz)r+dr/2 :1r r+dr/2.
r g r Tz r Tt r
Since dr is an infinitesimal, (r +dr)/ r=1and (r +dr/ 2)/ r =1 Hence,
111—; —( DL %ﬂl(rv)+ (rv)+%rv =0. This can be put in various forms.
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5.3

5.4

5.5

; . _ Tm,
min _ mout — element ]
it

rv,(rdg)rsingdf - %vr +1(r vr)drlé(r+dr)dq(r +dr)sin qdf

+rv dr8r+——squf gv + (rv )dqhdr8r+ squf
ardyg- Svo+ & 4 dro

+rvfdr§?‘ +=29- grvf o T v, )df bplrg? T

:1§’§' +—2 drdgsinqdf
fte® 29 (
Because some areas are not rectangular, we used an average length (r +dr/ 2).

Now, subtract some terms and divide by rdqdf dr:

dr
2 r+—
-rv,sing- rv,sing- ﬂ—t(rvr)sian- 1(rvq) 2 sing
dr ﬂgz
-1(rv )r+_‘ﬂ—r—§$+ 22 sin
0 i r q

Since dr is infinitesimal (r +dr)®/ r=rand (r +dr/ 2)/ r =1 Divide by rsing
and there results

ﬂ—r+—(r )+——(rv)+ —(rvf)+grv =0
M qr 19 rsing If r
For a steady flow 1111—;= 0. Then, with v=w =0 Eq. 5.2.2 yields
l(ru):O or rd—u+ud—r:0.
X dx X

Partial derivatives are not used since there is only one independent variable.

Since the flow is incompressible B—E =0. This gives

~ _fp~ 17 p~ _ 200r el 0
\ Np= i, += I, = 0S - ——sin or
uﬂ—r+wﬂ—r—0
ix 9z
Also, N»/ =0 or U Iw_j
ix 9z
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56  Given: s 0, 1111—; 1 0. Since water can be considered to be incompressible, we
demand that % =0. \u r r

—+ w— =0, assuming the x-direction to be in the
X Iz

direction of flow. Also, we demand that K%/ =0,

or Tu + Iw _ 0.
Ix 9z
5.7  We can use the ideal gas law, r = L. Then, the continuity equation
IO . D PO
br =-rN»/ becomes, assuming RT to be constant, Lop =- LN X/ or
Dt RT Dt RT
1Dp_ qw
p Dt
5.8  a) Use cylindrical coordinates with v, =v, =0:
19
——(rv,) =0
; ﬂr( )
Integrate:

b) Use spherical coordinates with v, =v; =0.

19,
——(r°v,)=0
Zqr (V)
Integrate:
r’v, =C. \ vr:%.
r
5.9 E:-rN>>x/ = -r§ﬂ+ﬂ+:-2.3(200' 1+400" 1) =-1380 3g :
Dt efx Tye m° >
— _ Lo Tu, v _
5.10 Inaplane flow, u=u(x,y) andv =v(x,y). Continuity demands that > + ‘ﬂ_y =0.
If u = const, then % =0 and hence . 0. Thus, v =const also.
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511 Ifu=C, andv =C,, the continuity equation provides, for an incompressible

flow,
ﬂ_u+ﬂ+ﬂ—wzo. ﬂ—W:OandW:CS.
ix Ty 1z 1z
The z-component of velocity w is also constant.
We also have

Dr I qr qr I

—=0=—+Uu—+Vv—+w—
Dt it x Ty 1z
The density may vary with x, y, zand t. It is not, necessarily, constant.
5.12 ﬂ—u+ﬂ:0. \ A+ﬂ-0 \' v(X,y) =- Ay + f(x).
ix Ty y
But, v(x,0) =0 = f(x). \ v=-Ay.
2 2\g _ r 2
sz ML g W T (CryD5 520 55y
x  fy Ty I (x* +y*) (x* +y*%)
y? - 5x2 5y oy
\ov(x, +f(x). f(x)=0. \ v= .
V(X,y) = Oﬁdy f(x) = 24y (x) (x) v x2 +y

514 FromTable5.1: ~ ()= 2V - 184, 40,
rqr r 9q r rg

\ rv, = ‘aio+'—95inqdr +f(q) aE_'LOr- ——smq +f(q).
% 2o 8

.2vr(.2,q):§?LO’ 2- %gsinqﬁ(q):o. \ f(q)=0.

\V—g

515 From Table5.1: iﬂi(rv)_-iﬂv - 203?+
r

e ; cosq
_ 2 16 — 2% EQ

\ rv, = OZOSG?H = acosqdr +1f(q) = ZO%r rzcosq +f(q).

v,(1,9) =-20(1- Ycosq+f(g)=0. \ f(Q)=0.

1 &
\ v, = -20§Ei- r—zgcosq.
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5.16 From Table 5.1, spherical coordinates: izl(rzvr) =- ( sinQ).
reqr rsing 1q
1 400
—— O+ 25|n cos
( )= rsmqg q4cosq
3 406 806
—ggl + —Zcosqdr+f(q) gL re- ; Bcosq+f(q)
, 2 809
4vr(2,q):§io 2°- —wsq+f@=0 \ f@=0
_a&, 80
\ v, = gﬁo- r—agcosq.
5.17 Continuity: 1(ru) =0. \ r%+ud—r =0.
X dx dx
18" 144 slu du 526- 453
r=P = 2° M _goog02 200, o0 T Hig¢ps/ .
RT 1716" 500 ft dx. 27 2/12
Voo rau_ 0080254 000136 slug/ ft*.
dx u dx 486
518 M, IV_g l[-20(1- e‘x)] =-20¢ *
x Ty i
Hence, in the vicinity of the x-axis:
v 20e"*and v =20ye * +C.
Ty
Butv=0ify=0. \ C=0
v =20ye* =20(0.2)e*=0541m/ s
19 1 . i
519 ——(rv Z—O —|-20(1- e *)[ =-20e"
r ﬂr( )t 1z ﬂz[ ( )]
Hence, in the vicinity of the z-axis:
2
El(rvr) =20e* andrv, = 20ez+c.
rqr 2
Butv, =0ifr=0. \ C=0
v, =10re’* =10(0.2)e* =0.27Am/ s
5.20 The velocity is zero at the stagnation point. Hence,
0=10- ﬂ \ R=2m
R? R=cm
. . . . u v _ u _
The continuity equation for this plane flow is > + ‘ﬂ_y =0. Using v 80x*
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521

5.22

5.23

5.24

we see tha % =-80x"° near the x-axis. Consequently, for small Dy,

Dv =-80x°Dy sothat v =-80(-3)°%(0.1)=0.296 m/ s.

The velocity is zero at the stagnation point. Hence
0= % - 10. \ R=2m
19
reqr
Near the negative x-axis continuity provides us with
1 9 . 20
—— (v, sing) = —.
rsinq Yq r
Integrate, letting q =0 from the y-axis:
v, sing =-20cosq +C

19 20
(rzv,) —r—zﬁ(40 - 10r?) =- —.

401

Since v, =0 when g =90°, C=0. Then, with a =tan 3 =1909°,
v, =-2090% = 5(C0s88ML_ 300333 _ 5 per ) s
d sinqg sin 88.091 0999 ———
Continuity: Ju, v 0. \ D Du_| —13'5,) - 113 _ 220 m/s.
x Ty Dy  Dx 2”005 m
\ Dv=v-0=-220Dy. \ v=-220".004=-088m/ s
fu

b) a, = Ue 12.6° (+220)=2772 m /s>
- cffzm7ss”

SF, =ma,. For the fluid particle occupying the volume of Fig. 5.3:

& +ﬂtyydy

t —_—
gyy WZ

& Tt,, dxo

t, d -
é” X

o) e I o)
+dxdz + ¢t + —Z—:dxdy +
a e 1z 29

e Tt, dyo & Tt dzo a& t,, dxo
-¢t,, - ———=dxdz- ¢t - —dxdy - ¢t -
8“’ v 29 gzy z 29 4 8*" % 29

+rg,dx dy dz = rax dy dzg—\t/

Dividing by dx dy dz, and adding and subtracting terms:
ft, M, 1t

zy Dv
+ + +rg, =r—.
™x Ty 1z Y Dt

Check continuity:
Tu, v, fw_ (x? +y?)10- 10x(2x) N (x> +y?)10 - 10y(2y) _

*x Ty 1T (x* +y?)? (x* +y?)? 0
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Thus, it is a possible flow. For a frictionless flow, Euler’s Egs. 5.3.7 give, with
9,=9, =0
r u‘"—u +r v‘"—u =- ‘ﬂ_p.

fix Ty x

Tp__ 10 10y-10¢ 10y  -20xy _ 100(x% +y?)y

—=- -r =r
TIX X2+y2 (X2+y2)2 X2+y2 (X2+y2)2 (X2+y2)3
ruﬂ—+rvﬂ—- Tp
fx Ty 1Ty
yIp_  _10x -20¢ 10y 10x? - 10y? _, 100(x? +y?)y
ﬂy X2 + y2 (X2+y2)2 X2 +y2 (X2+y2)2 (X2 + y2)3
\ sz‘ﬂpA 'ﬂpA 100xr oy 100yr -~ 100r

- .'\+'.\.
Ty T oRey?? e iR eyt W

5.25 Check continuity (cylindrical coord from Table 5.1):

1 1 1
—1(rv,) 1, _ Oa[f\[+——cosq+ a[f\[+——cosq 0. \ Itisapossible
rqr r 1q r r? r r?

flow. For Euler’s Egs. (let n = 0 in the momentum eqns of Table 5.1) in
cylindrical coord:

2
1o % ., v rﬁmzﬂgﬁi? sn2q - 10r & L o2 8200
Mr r " r g r fzﬂ 29’ &3 o
_m_rai+——sm q§l0- —
r
_M__r_q_vrv - rvrM—- rﬁM:KDr - —gschosq
r 1q r I r g r & rp

i 219 2206 100r o .
10r§i cosq smq%rBQ g.ﬁ 5 sing cosq.
e

. . ~ 200r
— iy = - €0s2q |, - ——sin|
r'orfg 0 3 &2 i 3 :

5.26 Thisis an involved problem. Follow the steps of Problem 5.25. Good luck!

2 2
t_ (v +_Vf)_rvrm_rv_qm
ir r I r 9q
1. V), e v vy
r 9q r " qr r 9q
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— am . Oc 5 _ am | O~ -
527 \ P=p-S—+| 2N, \ p-p=-SZ—+] SNW
p=p 83 5 pP-p 83 5
1S DS _ Dan n
ﬂs@ﬁ_ RDa R
E@Dg—ﬁDq-AE
t Dt Dt : t

- .. & 20‘
DV _afV,, Vo, &1 V0.

Dt &Mt Tsp & Mt

2
2
For steady flow, the normal acc. is ge v v

C:), the tangential acc. is V—.
R g 1s

5.28 For a rotating reference frame (see Eq. 3.2.15), we must add the terms due toW.
Thus, Euler’s equation becomes
S o5
r 8E'ﬂ+2W’ V+W (W r)+d—W’ r-=-Np-rg.
& Dt &

5.29 tXX:-p+2m%+IM:-30psi.
X

t,=t,=-p=-30psi.

yy

6  ca A0 _
t :maﬂ+%+=1o5§30-1440'—9:18'1o5psf.

YUY Ax g 124
t . -5
t =t =0. Xy:18,10 =4.17" 108,
Y t . 30 144
fv _ Tu_ 16y 16y2 8y2 16y3

5.30 + f(X).

Ty Ix Cx¥5 c2485" \ v(xy) = OB 302,305
v(x,00=0. \ f(x)=0. 8=C1000°°. \ C=00318.
\ u(x,y) =629yx ¥ ° - 9890y*x ¥ ",

v(X,y) = 252y?x ¥° - 5270y3x ¥,

t, :-p+2m%:-1oo+o:-1oo kPa.

t, =t,=-p=-100kPa

t
YUY Txg
t,=t,,=0.

= mea s+ VO 5 105 g620" 100045 1=5.01" 10°° Pa
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5.31

5.32

5.33

DV Du~ Dv. Dw-~

\ = = =k =VoR(UT V] +wk) = (V NV

Dt Dt Dt Dt

Follow the steps that lead to Eq. 5.3.17 and add the term due to compressible
effects:

r'ﬂ:-Np+[‘g+rﬂq2\7+r—nlmx\ﬁ\"'r—nlmxjj\"'r_nlN)%‘_/12
Dt 39x 37y 31z
. oo MmET . T 10 -
=-Np+rg+nN2V+r—ngli+1j+1k+N>V
eflx fy” Tz o
\ r%:-ﬂp+rg+nﬂz\7+r—;l§|(ﬁl>§7).

If u=u(y), then continuity demands that W 0. \ v=C.

iy
But, at y=0 (the lower plate) v=0. \ C=0, and v(x,y) =0.
.. 2 2 2.0
\ rE:raaﬂ+uM+vM+w.”—ug=-.”—IDJfrgxﬁLmaEﬂ e ui-
Dt &1t Ix Ty fTzg 1x 2 1y 1225
Tu
\ 0:-E+m—2.
X ay
rm:():-ﬂ—p
Dt y
Dw Ip Tp
—=0=-—+r(-9). \ 0=- —-
e 0 r-9) rg

5.34 Continuity: ﬂl(rvr):o. \'rv, =C. Atr=0,y*¥. \ C=0.
r

DV _g-.17p
Dt r qr
%:Oz-iﬁ_
Dt rr9q
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rsz:r<'3‘3ﬂv/+y/ﬂvz+yq/ﬂv /0 Tp, %, 1M, 1 1% 1%
Dt A r Y RN g‘nr LSV CE 2
2vZ 11v,0
‘o= +méﬂr rro

r

5.35 Continuity: rizﬂ—‘ll(rzvr):o. \ r’v, =C. Atr=r,v,=0. \ C=0.

2 i}
v Tp, &2y o)
-dr =-—+ m- —lcotq=
r 1 g 205
_Eﬂ_p+me1 l aez‘ﬂvq Vq u
B 2 8 2 U
r 1q fir Tr 5 r2sin qu
— E
rsing If

5.36  For an incompressible flow K/ = 0. Substitute Egs. 5.3.10 into Eq. 5.3.2 and

5.3.3:

r—:laip+2mﬂ_uo ﬂn-[;a[u ﬂVO 1 au TNVO +rg
fix wo Ty &y Txe ‘ﬂzng'ﬂz 'nxz X

fp fu Tu Tu Tafu v wd

= — M +M—+M_— +M—C— ++rg,

x ™ Ty 17 xéex ﬂy zo
Du_ fp_  &fu T°u  T°ud
\rDt_ ﬂx+mé'ﬂx2 TIv> 92 10
rm_l a[_u+ﬂg+ﬂ aa +2m ﬂo+l ﬂv ﬂW0+rg_
DU Tx STy Txg Ty 0 " ye Tz Sz Tyg Y
P v v TV Te&u v wd
- ——tM M _—+M_—+M—¢ —+_—+-_—=+rQ,
Ty X Ty |4 Iyelx Ty zo
Dv p aeﬂv 1°v ﬂvo
\r—=-—+ +rg,.
Dt Ty & W g O
DW ﬂ aau ‘ﬂWo ﬂ aﬂv+‘ﬂ_wo+laep+2 ﬂongz

Dt xS0z Ixp Ty SNz Tys 12§ 120

98



fo Pw Tw Tw Tau v Two

=-—+m +tM— +M—+MmM—Cc—+—+—=+rg,
Ty iz fzefx Ty 9Yze

2 2 2 ~
Dw _ @Jr aa1w+‘|]w+ﬂwc:)
Dt Tz &M T2 12%g

+rg,.

5.37  If we substitute the constitutive equations (5.3.10) into Eqgs. 5.3.2 and 5.3.3., with
m=rm(x,y,z) we arrive at

Ip AU I TR0, pImAu, Imafu VS, Imafu , Twg

Du
— = + + + T —_— T — 0 =T = =
PO m§ﬂx2 1V 125 TxTx 1y&ly Txg 1281z fxg

Dt fx

5.38 If plane flow is only parallel to the plate, v =w = 0. Continuity then demands
that flu /7 fx =0. The first equation of (5.3.14) simplifies to

o 2 2 2/0
IR oo SN
et X Ty zy4 X éﬁ(x Ty /T(Z P

2

du_ 1

it 1y

We assumed g to be in the y-direction, and since no forcing occurs other than
due to the motion of the plate, we let fp / x = 0.

5.39 From Egs. 5.3.10, %: p- %“211—)‘:+%+111—":§ | N/
\ ﬁ:p-??mﬂgﬁﬂ \ E-p:-??mﬂgﬁﬂ
5.40 (\7>4<l)\7:§1ﬂ—11(+v%/+w%g(uf+v]+mz)

fu Tu Wo Yeefw 9w Jwol,
— tV— FW—z- —cU—F V—+ W—] ]
™ f g & X Ty Tzg
el a%‘"\/+vﬂl+wﬂ2- laEEJE+VEJ+WE§UQIE
v 2y TyE % Ty  fzg
w ‘ﬂv)ﬁ_(‘ﬂu w.

W % i (e )F

Use the definition of vorticity: w =( +(—- )k
ix Ty

Tz X
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T, Tu Tw T Tv Tx, Tu

"‘NA=:—'——+— T0) S+ (= - ) (Ul +wk
WAV =y ‘HZ)‘HX By
- Tuéw qv.~ u S, - fu.~u
NW = —+v — )i + +_- ko,
O = g Va2 gy 'n) G 0 G Wk

Expand the above, collect like terms, and compare coefficients of i, j, and K.

541 Studying the vorticity components of Eq. 3.2.21, we see that w, =-fu/f y is the
only vorticity component of interest. The third equation of Eq. 5.3.24 then

simplifies to
bw, _ nN2w
Dt
_ T,
‘IT y
since changes normal to the plate are much larger than changes along the plate,
i.e., fiw, M
Ty ix
5.42 If viscous effects are negligible, as they are in a short section, Eq. 5.3.25 reduces
to
Dw,
Dt

that is, there is no change in vorticity (along a streamline) between sections 1 and
2. Since (see Eqg. 3.2.21), at section 1,

w, v oM 10
x Ty
we conclude that, for the lower half of the flow at section 2,
fu
= =10

Ty
This means the velocity profile at section 2 is a straight line with the same slope
of the profile at section 1. Since we are neglecting viscosity, the flow can slip at
the wall with a slip velocity u,; hence, the velocity distribution at section 2 is

u,(y) =u, +10y. Continuity then allows us to calculate the profile:
VlAl = V2A2

%(10' 0.04)(0.04w) = (u, +10” 0.02/ 2)(0.02w). \ u,=03m/ s.

Finally,
u,(y) =0.3+ 10y
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5.43

5.44

1
It

5.45

5.46

No. The first of Eqgs. 5.3.24 shows that, neglecting viscous effects,
Dw, flu_ ., Ju flu
Dt “qx X" Ty iz
so that w,, which is nonzero near the snow surface, creates w, through the term
w,TTu/ 1y, since there would be a nonzero fu/fy near the tree.

2

OKNT >AdA = Cg)ﬂ g—+gz+u)—rdv + %+gz+ﬁ+$§r\7>ﬁdA

c.s. c.s.

N &y 0 . P —  po
NXKNTDYV = O— +0z+U04dV + ONxV +gz+U+—dV
C? X ) O tgz g 1] 0 82 g ro
V2 2
\ kNT+—r—+r z+ru +N>¢V +z+u+—— vV = 0.
A A Tt

v? L a8/2
r—+NxV +gz+————g—+ V- +er_+v —+gNzu—O.
2 gz rg 2

continuity momentum
\ SKRPT+ L rgervoRa =0, \ r 20 = kReT
fit Dt
Divide each side by dxdydz and observe that
] 1 1 m 1’
fix X+dx ﬂX ﬂzT ﬂy y+dy ﬂy Yy ﬂzT fiz z+dz ﬂZ ﬂZT
dx e dy " dz 92
Eq. 5.4.5 follows.
r%:r—D(h- p/r) Dh Dp pD_r: D_h_% Bé.rN)&yg
Dt Dt Dt Dt r Dt Dt Dt r
where we used the continuity equation: Dr /Dt =- rN®/. Then Eq. 5.4. 9
becomes
Dh Dp P ~0.
rN*/g=KNT- pN»/
Dt Dt r € H= P
which is simplified to
c PN rer + 2R
Dt
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o .
5.47 SeeEq.5.4.9: U =cT. \rc§£+uﬂ+v£+wﬂ+:kN2T.
et X Ty 1z
qm

Neglect terms with velocity: rcﬁ = kN?T.

5.48 The dissipation function F involves viscous effects. For flows with extremely
large velocity gradients, it becomes quite large. Then

and % is large. This leads to very high temperatures on reentry vehicles.

549 u=10(1-10000r?). \ 1111—1:: -2r” 10°.  (rtakes the place of y)
€1 aguo U
FromEq.5.4.17, F :2mS—8aE+ U=mar®> " 10".
éZGﬂYQ H
At the wall where r =0.01m, F=18 10°" 4 .01 10° =72N/ m?s.

At the centerline % =0 so F=0.

At a point half-way: F =18" 10" 4 .005° " 10" =18 N/ m?>s.

2
550 (a) Momentum: Tu_ n l l:
it Ty

2
T 1°T aquo
Energy: rc— =K—+ng—— .

SRR Ty? ngﬂyz

2
(b) Momentum: r 14 = U, Imiu

oy Ty Ty

2
1T 7T . _aud
Energy: rc— =K—+nm——= .

Y Ty? rTg‘ﬂym
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